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Abstract

A stochastic particle swarm optimizer (SPSO) algorithm, which can guarantee the convergence of the global optimization solution with proba-
bility one, is adopted to estimate the parameters of radiation system. To illustrate the performance of this algorithm, three cases are investigated, in
which the source term, the extinction coefficient, the scattering coefficient, and the non-uniform absorption coefficients in a one-dimensional slab
are retrieved. The directional radiative intensity, reflectance and transmittance, radiative flux simulated by discrete ordinate method (DOM) are
served as input for the inverse analysis, respectively. By SPSO algorithm presented, all these radiative parameters could be estimated accurately,
even with noisy data. In conclusion, the SPSO algorithm is proved to be fast and robust, which has the potential to be implemented in various
fields of inverse radiation problem.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Inverse radiation analysis is concerned with the determina-
tion of the radiation properties, boundary condition, and the
temperature profile or source term distribution from various
types of radiation measurements, which is very practical and
useful in many different areas, e.g., laser light-scattering flame
diagnose, optical tomography in medical imaging, remote sens-
ing of the atmosphere, the prediction of the temperature distri-
bution in combustion chambers, and optimizing the manufac-
turing and materials processing system. An extensive review
of the early development has been given in a series of pa-
pers by McCormic [1,2]. Recently, a number of papers has
examined various inverse radiation problems on determining
the single-scattering albedo, scattering phase function, absorp-
tion coefficient, scattering coefficient, boundary condition, or
the optical thickness of a medium from various types of radia-
tion measurements [3–8]. Meanwhile, a wide variety of solution
techniques has been successfully employed in these inverse ra-
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diation analyses such as the conjugate gradient (CG) method
[9], and Levenberg–Marquardt method [10]. However, all these
traditional methods depend on the initial value or the deriva-
tives and gradients which are difficult to be solved accurately
by numerical simulation in some cases. Furthermore, if the ini-
tial value is not chosen properly, the solution may be infeasible
in the original domain, or in a worse case, not be convergent.
In a word, the traditional algorithms based on gradient method
can only provide a local optimum solution depending on the
initial value [11]. In order to solve the global optimal problem
reliably, many researchers turned to study the random optimal
method with less dependence on the objective function’s an-
alytic character. More recently, heuristic algorithms such as
Genetic Algorithm (GA) and evolutionary computation have
been proposed for solving the inverse radiation problems [12].
Their results were promising and encouraging for further re-
search. Unfortunately, some deficiencies have been identified
in GA performance through recent survey [13]: the degradation
in efficiency is apparent in applications with highly epistatic
objective functions, i.e. where the parameters being optimized
are highly correlated; meanwhile, the premature convergence
of GA also degrades its performance and reduces its search ca-
pability. Hence, it greatly needs to seek a more general method
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Nomenclature

an the source term coefficients
c1, c2 the two positive acceleration coefficients in Eq. (1)
F objective function of minimization
g the scattering asymmetry parameter
M the number of particles in each swarm
N the maximum number of generation
n the dimension of the problem
Pg(t) the global best position discovered by all particles

at generation t

Pi (t) the local best position of particle i discovered at
generation t or earlier

q the normal incident flux
q the array of radiative flux
r1, r2 uniform random number in [0,1]
S(τ) the function of source term . . . . . . . . . . . . . W m−2

xij (t) the position of the ith particle with j th dimension
at generation t (i = 1, . . . ,M ; j = 1, . . . , n)

x x-axis coordinates
Xi (t) the position array of the ith particle at generation t

vij (t) the velocity of the ith particle with j th dimension
at generation t (i = 1, . . . ,M ; j = 1, . . . , n)

Vi (t) the velocity array of particles at generation t

Y measured or exact parameter
δ measured errors of radiative parameters
ε a small specified positive number

ς random variable
σ standard deviation
Φ scattering phase function
ω single scattering albedo
Ω solid angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . sr
τ optical thickness
κa absorption coefficient . . . . . . . . . . . . . . . . . . . . . m−1

κe extinction coefficient . . . . . . . . . . . . . . . . . . . . . . m−1

κs scattering coefficient . . . . . . . . . . . . . . . . . . . . . . m−1

Subscripts

av average value
b blackbody
est estimated value
k kth iteration
L2 L2-type norm
m the direction of discrete ordinate
mea measured value
min the minimum value
max the maximum value
R reflectance
rel relative value
T transmittance

Superscripts

T the transposed array
to solve the inverse radiative problem at arbitrary space. Unlike
GA and traditional methods, the Particle Swarm Optimization
(PSO) algorithm is able to find a global optimum solution or a
good approximation of the solution, usually without a theoret-
ical proof [14]. This is solely due to its ability to explore the
search domain with ‘jump’ from a local solution to another and
therefore, the global optimum solution can be reached step by
step. As reported in Ref. [15], many kinds of problems which
can be solved by GA are able to be identically solved by PSO,
without suffering from the difficulties of GA’s.

PSO algorithm, first introduced in 1995 by Eberhart and
Kennedy [16], has been studied extensively by many re-
searchers in recent years. It was originally inspired by social
behavior simulation motivated by observations of the flocking
behavior of birds. As a searching method, it combines the con-
cept of survival-of-the-fittest among string patterns with a reg-
ulated yet randomized information exchange. Generally speak-
ing, PSO is characterized to be simple in concept, easy to im-
plement, and computationally efficient. Unlike other heuristic
techniques, PSO has a flexible and well-balanced mechanism
to enhance the global and local exploration abilities. The basic
PSO algorithm comprises a very simple concept and its para-
digms can be implemented in a few lines of computer code. It
requires only primitive mathematical operators and is computa-
tionally inexpensive in terms of both memory requirements and
CPU time. Another feature of PSO is the use of the objective
function instead of using derivatives (sensitivity analysis) or
other auxiliary knowledge. Consequently, it is not restricted to
the conditions of continuity, sensitivity, convexity, monotonic-
ity and non-linearity of both objective functions and constraints.
Early studies have found the implementation of PSO to be ef-
fective and robust in solving problems featuring non-linearly,
non-differentiability and high dimensionality. Many modifica-
tions have been made to improve the convergence rate of the
original PSO algorithm and to increase the diversity of particles,
for example, introducing the inertia weight to balance global
and local search, using an adaptive fuzzy weight controller to
optimize the inertia weight dynamically, using a constriction
factor to improve convergence, using selection to determine the
best particle, using the sequential niche technique to find mul-
tiple global optima of a function. Nowadays PSO has gained
much attention and wide applications, including artificial neural
network weights system [16], generation expansion planning
(GEP) problem [17], discrete combinatorial optimization of
polygonal approximation problems [18], and task assignment
problem [19].

However, to the author’s best knowledge, there were few re-
ports concerning the application of PSO to inverse radiation
analysis. In view of its practical applications to inverse radi-
ation analysis, the advantages can be summarized as follows:
Firstly, there are few parameters that PSO requires tuning, so
we can just employ the experiential settings to ensure conver-
gence in various inverse radiation analyses at arbitrary space.
Secondly, in that PSO requires only primitive mathematical op-
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erators, without derivative operators or genetic operators such
as reproduction, crossover and mutation, the whole calcula-
tion procedure of PSO is relatively simple and easy to be im-
plemented. Thirdly, the objective function is directly used as
fitness function to guide the search in PSO, so it is easy to han-
dle non-linear and non-differentiate inverse radiation problem.
Finally, using discrete numbers for particle’s position and ve-
locity, PSO can be applied to multi-parameters and multi-peak
value combinational inverse radiative problems.

In this paper, the feasibility of applying the PSO-based al-
gorithm to radiative inverse analysis is investigated. A novel
SPSO algorithm, based on stochastic particle swarm optimizer,
is proposed to solve the objective function. Compared with the
standard PSO algorithm, SPSO is proved to be more efficient
and robust. This approach is applied to solve the inverse prob-
lem for retrieving the source term coefficients, the extinction
coefficient and the scattering coefficient, and the non-uniform
absorbing coefficients in a one-dimensional slab. The remain-
der of this paper is organized as follows: The basic PSO and its
variants are described in Section 2. The detailed computation
procedures of PSO and SPSO algorithm are presented in Sec-
tion 3, respectively. After verifying the effective performance
of SPSO compared with PSO in Section 4, SPSO algorithm is
used to estimate the extinction coefficient and scattering coeffi-
cient, the spatially varying absorbing coefficients in Section 5.
The effects of measurement errors on the estimation accuracy
are also examined in Section 5. In Section 6, the main conclu-
sions and perspectives are provided.

2. Theoretical overview of PSO and SPSO

The PSO algorithm is an adaptive and robust parameter
searching technique based on the conceptual model of bird
foraging. It is indeed a population-based stochastic algorithm
which belongs to the evolutionary computation (EC) tech-
niques. The main difference between the PSO and EC algo-
rithms is that the PSO algorithm stores information about both
its position and its velocity (change in position). However, the
PSO finds the optimum value more quickly than traditional
evolutionary algorithm. It is due to the fact that PSO uses a
combination of local and global searches with the sharing evo-
lutionary information among the individual particles. In this
section, the basic PSO and its variants are described first, and
then a modified PSO with a stochastic selection is investigated.

2.1. Basic PSO algorithm

The basic idea of PSO can be described in an explicit way:
each individual in particle swarm, referred to as a ‘particle’,
represents a potential solution; each particle moves its position
in search domain and updates its velocity according to its own
flying experience and neighbor’s flying experience, aiming at
a better position for itself as illustrated in Fig. 1. The basic
elements of PSO technique are briefly stated and defined as fol-
lows:

Particle X(t): It is a candidate solution represented by an
n-dimensional vector, where n is the number of optimization
Fig. 1. Interaction between particles and the global best particle in PSO.

variables. At generation t , the ith particle Xi (t) can be de-
scribed as Xi (t) = [xi1(t), xi2(t), . . . , xin(t)]T, where xij (t) is
the position of the ith particle with respect to the j th dimen-
sion, i.e. the value of the j th optimized parameter in the ith
candidate solution.

Swarm: It is an apparently disorganized population of mov-
ing particles that tend to cluster together while each particle
seems to be moving in a random direction.

Particle velocity V(t): It is the velocity of the moving par-
ticles, which is represented by an n-dimensional vector. At
generation t , the ith particle velocity Vi (t) can be described as
Vi (t) = [vi1(t), vi2(t), . . . , vin(t)]T, where vij (t) is the velocity
component of the ith particle with respect to the j th dimension.

Individual best position P(t): As a particle moves through
the search space, it compares the fitness value at the current po-
sition to the best fitness value it has ever attained at any time
up to the current time. The best position that is associated with
the best fitness encountered so far is called the individual best
position P(t). For each particle in the swarm, P(t) can be deter-
mined and updated during the searching procedure. In a min-
imization problem with objective function, the individual best
of the ith particle Pi (t) is determined as F [Pi (t)] � F [Xi (t

′)],
t ′ < t . For the ith particle, individual best position can be ex-
pressed as Pi (t) = [pi1(t),pi2(t), . . . , pin(t)]T.

Global best position Pg(t): It is the best position among
all individual best positions achieved so far. Hence the global
best position can be determined such that F [Pg(t)] � F [Pi (t)],
i = 1, . . . ,M . For the particle swarm at generation t , the global
best position can be expressed as Pg(t) = [pg1(t),pg2(t), . . . ,

pgn(t)]T.
The simple PSO procedure can be summarized as follows:
(1) Initialize the population, and randomly assign each par-

ticle’s position and velocity. Set the initial values for local
individual best location Pi components equal to Xi . Pick the
particle with the global optimum fitness and set it to the ini-
tial global best location Pg . The following equation updates the
velocity Vi for each dimension of the ith particle:

Vi (t + 1) = Vi (t) + c1 · r1 · [Pi (t) − Xi (t)
]

+ c2 · r2 · [Pg(t) − Xi (t)
]

(1)
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Fig. 2. The flowchart of the PSO algorithm.

where c1 and c2 are two positive constants called acceleration
coefficients. They represent the weighting of the stochastic ac-
celeration terms that pull each particle toward the individual
best position and the overall best position, and affect the maxi-
mum size step for each particle taking in a single iteration. The
new position of ith particle is expressed as:

Xi (t + 1) = Xi (t) + Vi (t + 1) (2)

Each position component is bounded by the maximum and
minimum position component values to which each particle in
the space is constrained. For the problems considered in this
study, we assume that each position component is restricted to
the range of [xmin, xmax]. The range of particle position is deter-
mined by the real physical meaning of the unknown parameter,
e.g., the single scattering albedo of radiative medium can only
be set in the range of [0,1], and the extinction coefficients of
real materials must be positive and cannot be too large. In order
to reduce the particle’s probability of leaving the searching do-
main during evolution, each velocity component magnitude is
usually bounded by the predetermined maximum value vmax.

(2) Repeatedly calculate (in parallel) the new velocity and
position for all particles, using Eqs. (1) and (2), and updating
Pg and Pi components, until the number of cycles reaches a
user-defined limit, or the non-improvement of the best solution
after a given number of iterations is obtained. The flowchart of
the original PSO algorithm is shown in Fig. 2.
2.2. Variants of PSO

Many modifications have been made to improve conver-
gence speed of the original PSO algorithm and to increase the
diversity of particles. Here, some usually modified PSO tech-
niques are described briefly and more details of these modified
techniques can be found in the available literatures we sug-
gested.

2.2.1. Standard PSO with inertia weights
The flowchart in Fig. 2 was the first version of PSO pro-

posed by Kennedy and Eberhart [16] called simple PSO model.
Its main problem is that, in some occasions, the velocities tend
to be infinity unless they are limited to a problem-dependent
threshold. In order to improve the convergence of simple PSO,
Shi and Eberhart [20] introduced an inertia weight coefficient
w into this model, which can be expressed as follows:

Vi (t + 1) = w · Vi (t) + c1 · r1 · [Pi (t) − Xi (t)
]

+ c2 · r2 · [Pg(t) − Xi (t)
]

(3)

The inertia weight coefficient w is a control parameter that
is used to control the impact of the previous velocities on
the current velocity. Hence, it influences the trade-off between
the global and local exploration abilities of the particles. At
the initial stage of the search process, large inertia weight is
recommended to enhance the global exploration; while at its
last stage, the inertia weight is reduced for better local ex-
ploration. As pointed out in Ref. [21], in order to prevent the
particle from oscillating near the location of the global best
fitness, a weight coefficient w is selected to decrease linearly:
w(t) = 0.9− t

N
×0.5, where N means the maximum generation

number and t is the iterative generation. However, for differ-
ent problems, the proportional relation of particle velocities at
every generation t is not the same, and the linear decreasing reg-
ulation of inertia weight coefficient is only effective for some
optimal problems. For this limitation in solving different prob-
lems, Shi et al. [22] presented a fuzzy adaptive PSO to regulate
the inertia weight coefficient dynamically.

2.2.2. Constriction factor approach of PSO
To ensure convergence of PSO algorithm, Clerc [23] pre-

sented a new PSO, which introduced a constrained factor α into
Eq. (1) as follows:

Vi (t + 1) = α · {Vi (t) + c1 · r1 · [Pi (t) − Xi (t)
]

+ c2 · r2 · [Pg(t) − Xi (t)
]}

(4)

where α = 2

|2−l−
√

l2−4l| with l = c1 + c2, l > 4. Both in simple

PSO and Constriction Factor Approach (CFA) of PSO, maxi-
mum and minimum velocities are set to a priori values to avoid
the infeasible combinations. In simple PSO, these values are
kept constant. However, in CFA-PSO, the velocity is modified
by a factor known as constriction factor α which is calculated
from setting parameters c1 and c2. Once α is properly deter-
mined, the velocities can be maintained in a constant interval
without exceeding the set velocities. Tests on different kinds
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of functions demonstrate that incorporation of Clerc’s constric-
tion factor into PSO can result in a significant improvement of
convergence [23]. Besides, this modified PSO can search differ-
ent regions efficiently by avoiding premature convergence, and
generate higher-quality solution than standard PSO on some
studied problems [24].

2.2.3. Canonical PSO (CPSO)
Based on the comprehensive experimental research on the

parameters of PSO, Carlisle and Dozier [25] presented the
Canonical PSO with the parameters setting as follows:

Vi (t + 1) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α · {Vi (t) + c1 · r1 · [Pi (t) − Xi (t)]
+ c2 · r2 · [Pg(t) − Xi (t)]},

Xmin < Xi (t) < Xmax

0, others

(5)

Xi (t + 1) =
⎧⎨
⎩

Xi (t) + Vi (t + 1), Xmin < Xi (t) < Xmax

Xmax, Xi (t) + Vi (t + 1) > Xmax

Xmin, Xi (t) + Vi (t + 1) < Xmin

(6)

The optimal parameter settings are: c1 = 2.8, c2 = 1.3, M = 30,
the combination of all these parameters is called in this paper
‘the classical parameters’.

2.2.4. Other Variants of PSO
In addition to the basic variants of PSO above, various other

variant models of PSO have been developed in recent years.
Based on the ecological niche ideology, Suganthan [26] pre-
sented a Local Best model with the neighborhood operator and
Kennedy [27] studied different neighbourhood topology struc-
tures such as ‘Ring Topology’, ‘Wheel Topology’ and their
random form topology. Based on the analysis of convergence
character of PSO, Van Den Bergh [28] presented a modified
PSO named as Guaranteed Convergence PSO (GCPSO) and
discussed its strong local-convergence ability with weak global-
convergence ability [29]. More recently, Van Den Bergh et
al. [30] has presented a cooperative particle swarm optimizer
(CPSO) to improve the performance of the original PSO, which
is achieved by using multiple swarms to optimize different
components of the solution vector cooperatively. Based on the
genetic ideology, Angeline [31,32] presented the modified hy-
brid PSO by introducing the competitive selection mechanism
and the cross mechanism of GA, respectively. Shi et al. [33]
have presented a combined PSO-GA-based hybrid algorithm
(PGHA) to solve the optimization problems, which executes the
GA and PSO simultaneously to synthesize the merits of both
PSO and GA.

2.3. SPSO algorithm

In present paper, we proposed a novel SPSO based on the
analysis of convergence character of PSO. Considering the con-
vergence research of PSO, Ozcan et al. [34] have proved that the
PSO can guarantee convergence, but cannot guarantee global
optimum. Solis and Wets [35] presented the necessary condi-
tions of global convergence of random search techniques. Ac-
cording to these conditions, Van den Bergh [36] studied the
global convergence and local convergence of basic PSO and
GCPSO, respectively. As he pointed out, the basic PSO could
not guarantee the global or local convergence [36]. However, in
present paper, we proposed a novel SPSO algorithm which can
guarantee the convergence of the global optimum solution with
probability one.

In the standard PSO, when the current position of particle
i is the global best position of particle swarm Xi (t) = Pi (t) =
Pg(t), the second and third term in Eq. (3) will be zero, and
Eq. (3) is transformed as: Vi (t + 1) = w · Vi (t). In this equa-
tion, for there is only one term which regulates historic velocity,
the ith particle will fly along one direction until it finds a better
position or gets to the boundary. However, for the whole search-
ing domain, the probability of finding a better solution along a
straight-line is almost zero, i.e., the searching efficiency is quite
low. In addition, if w < 1, then Vi (t + 1) < Vi (t). Under this
condition, a fixed number Num must exist that when t > Num,
the current global best position Pg of the swarm does not vary,
and consequently, all components of Vi (t) will be smaller than
ε (ε is a given error), i.e., the particle will stop evolution. Even if
a better solution exists in this direction, the particle swarm may
stop evolution before finding this position and fall into prema-
ture convergence. This is the reason why the standard PSO may
fall into local optimum solution.

To solve the problem of premature convergence of standard
PSO, we introduce the SPSO algorithm. In the standard PSO
described by Eqs. (2) and (3), when w = 0, the velocity of ith
particle only depends on the current position Xi (t), the historic
best position Pi (t) and Pg(t), the velocity has no memory itself.
The particle at the global best position will stop evolution, other
particles will fly to the weighted center between their local best
position and the global position, i.e., the particle swarm will
concentrate to the global best position Pg which is more like a
local algorithm. When w �= 0, the particles have the ability to
stretch the searching domain. This ability is enhanced with the
increasing w value. Based on the analysis above, when w = 0,
substituting Eq. (3) into Eq. (2), the following equation can be
obtained:

Xi (t + 1) = Xi (t) + c1 · r1 · [Pi (t) − Xi (t)
]

+ c2 · r2 · [Pg(t) − Xi (t)
]

(7)

Compared with the basic PSO, the evolutionary function de-
scribed by Eq. (7) decrease the global searching ability but
increase the local searching ability. When Xi (t) = Pi = Pg ,
the particle will stop evolution. In order to improve the global
searching ability of Eq. (7), Pg is maintained to be the historic
best position, and random particle j with the position Xj (t +1)

is generated randomly in the searching domain, while other par-
ticles Xi (t) (i �= j) in the population are updated by Eq. (7). In
this way, the following updating procedure is obtained:

Pj (t + 1) = Xj (t + 1)

Pi (t + 1) =
{

Pi (t + 1), F [Pi (t + 1)] < F [Xi (t + 1)]
Xi (t + 1), F [Pi (t + 1)] � F [Xi (t + 1)]

}
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P′
g(t + 1) = arg min

{
F

[
Pi (t + 1)

] | i = 1, . . . ,M
}

Pg(t + 1) = arg min
{
F

[
P′

g(t + 1)
]
,F

[
Pg(t + 1)

]}
(8)

If Pg = Pj , the random particle j locates at the best posi-
tion and the new random particle will be searched repeatedly in
the searching domain; and if Pg �= Pj and the global best posi-
tion Pg is not updated, all the particles are updated by Eq. (7); if
Pg �= Pj and the global best position Pg is updated, a particle k

(k �= j) with Xk(t + 1) = Pk = Pg must exist, then particle k

stops evolving and a new random particle is generated repeat-
edly in the searching domain. Thus, at certain generation in the
evolutionary procedure, there is at least one particle j satisfying
Xj (t + 1) = Pj = Pg . It means that at least one particle is gen-
erated in the searching domain randomly to improve the global
searching ability of PSO algorithm. The flowchart of the SPSO
algorithm is shown in Fig. 3.

Here, the convergence procedure of SPSO is presented
briefly as follows. By defining ϕ1 = c1r1, ϕ2 = c2r2 and
ϕ = ϕ1 + ϕ2, Eq. (7) could be transformed as:

Xi (t + 1) = (1 − ϕ)Xi (t) + ϕ1 · Pi (t) + ϕ2 · Pg(t) (9)

If Pi and Pg are assumed to be constant, Eq. (9) becomes a sim-
ple linear difference equation. When Xi (0) = xi0, the solution
of Eq. (9) is obtained:

Xi (t) = k + (xi0 − k) · (1 − ϕ)t (10)

Fig. 3. The flowchart of the SPSO algorithm.
where k = ϕ1Pi+ϕ2Pg

ϕ
. It should be noted that Eq. (10) is ob-

tained based on the hypothesis of the fixed Pi and Pg . However,
during the evolution procedure of SPSO, the Pi and Pg may be
updated at any generation. If Pi or Pg is updated, the value of
k and xi0 will be reset. From Eq. (10), it can be seen that when
|1 − ϕ| < 1, then

lim
t→∞ Xi (t) = k = ϕ1Pi + ϕ2Pg

ϕ
(11)

and

Xi (t + 1) = Xi (t) − (ϕ1 + ϕ2)Xi (t) + ϕ1Pi + ϕ2Pg (12)

When t → ∞,

lim
t→∞ Xi (t + 1) = lim

t→∞ Xi (t) (13)

then

−(ϕ1 + ϕ2) lim
t→∞ Xi (t) + ϕ1Pi + ϕ2Pg = 0 (14)

For ϕ1 and ϕ2 are random variables, could Eq. (14) be
satisfied only when limt→∞ Xi (t) = Pi = Pg . Thus, when
|1 − ϕ| < 1 the evaluation equation described by Eq. (9) con-
verges linearly. Meanwhile, according to |1 − ϕ| < 1, we can
get 0 < c1 + c2 < 2 which is the necessary condition for the
convergence of SPSO. The detailed theoretical certification of
the global convergence with probability one of SPSO is re-
ported in Ref. [37] by Zeng et al. based on the necessary
conditions of global convergence of PSO presented by Solis and
Wets [35]. In a word, compared with standard PSO, SPSO elim-
inates the historical velocity term which makes the particle lose
velocity memory to decrease the global searching ability. But it
guarantees at every generation one particle stops evolution for
locating at the best position. The basic idea of SPSO is the usage
of the stopping evolution particle to improve the global search-
ing ability. For the global convergence, SPSO could guarantee
but PSO could not. When the generation t → ∞, SPSO could
guarantee the convergence of the global optimum solution with
probability one.

3. Computation procedures of PSO-based approaches

The implementation of the PSO-based approach for solving
the inverse radiative problem can be carried out according to
the following routine.

Step 1. Input system data, and initialize a particle swarm. In-
put system configuration, control parameters such as
lower and upper bounds of estimated radiative para-
meters, the number of dimensions n of each particle.
Randomly generate an initial swarm of particles with
random positions and velocities on n-dimensions in
the solution space. Set the index of iteration t = 0.

Step 2. Calculate the fitness value. For each particle, first cal-
culate the initial fitness by substituting the position
of each particle into the forward radiative problems.
The fitness value is set equal to the calculated value of
objective function with argument of each particle po-
sition.
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Step 3. For each particle, compare its fitness value with a pri-
ori best Pi . If the fitness value is lower than Pi , set this
value as the current Pi , and record the corresponding
particle position.

Step 4. Choose the particle associated with the best Pi of all
particles, and set the value of this Pi as the current
global best Pg .

Step 5. For each particle, calculate the new velocity using
Eq. (1), and then update the particle position using
Eq. (2).

Step 6. Check the stop criterion. If the maximum number of
generation set a priori is reached or the non-improve-
ment of the best solution after a given number of it-
erations Nt is obtained, go to Step 7; otherwise, set
iteration index t = t + 1, and loop to Step 2.

Step 7. Print out the optimal solution (the best position and
the corresponding fitness value) to the radiative inverse
problem.

For SPSO, the main change of computational procedure is
introducing a randomly-selected particle into the population be-
fore each iterative loop as shown in Fig. 3.

4. Test results of PSO and SPSO

To test the performance of the proposed SPSO, three fa-
mous benchmark optimization functions are used, which are
described in Table 1. The standard PSO uses a linearly vary-
ing inertia weight over the generations, varying from 0.9 at the
beginning of the search to 0.4 at the end. The particle swarm is
50, and c1 = c2 = 2.0. The c1 and c2 of SPSO are set to 1.0. The
global minimum of these three functions are all zero, the crite-
rion of convergence is defined as: the iteration accuracy 10−10

is achieved or the iteration is more than the fixed total number
of function evaluation. Table 2 lists the average best function
value and the standard deviation of 50 independent runs. From
Table 2, it can be seen that the results of SPSO are much closer
to the theoretical optima, and SPSO is superior to PSO in term
of searching quality and derivation of the results. So it is con-
cluded that SPSO is more effective and it is more robust on
initial conditions. From Figs. 4–6, it can be seen that the vary-
Fig. 4. Comparison of average best fitness of PSO and SPSO for Sphere func-
tion.

Fig. 5. Comparison of average best fitness of PSO and SPSO for Rosenbrock
function.

ing curves of average fitness values using SPSO descend much
faster than those using PSO, and the objective fitness values de-
scent to lower level by using SPSO than using PSO. So, it is
concluded that SPSO is more efficient than PSO, and the final
searching quality of SPSO is better than PSO.
Table 1
Details of test functions

Function Expression Dimension Space Vmax

Sphere f1 = ∑n
i=1 x2

i
10 [−100,100]n 100

Rosenbrock f2 = ∑n
i=1[100(xi+1 − x2

i
)2 + (xi − 1)2] 10 [−100,100]n 100

Griewank f3 = 1
4000

∑n
i=1 x2

i
− ∏n

i=1 cos( xi

i1/2 ) + 1 10 [−600,600]n 600

Table 2
Fixed-iteration results of 50 runs

Function PSO SPSO Iteration

Sphere 2.588 × 10−12 ± 8.985 × 10−13 2.774 × 10−27 ± 3.522 × 10−27 500
Rosenbrock 18.910 ± 4.018 × 101 7.103 ± 1.103 × 101 3000
Griewank 0.124 ± 7.304 × 10−2 0.077 ± 1.149 × 10−2 500
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Fig. 6. Comparison of average best fitness of PSO and SPSO for Griewank
function.

5. Inverse radiative simulation by PSO and SPSO

To demonstrate the validity of the proposed PSO and SPSO
in inverse radiative analysis, three different test cases are con-
sidered in present study. Firstly, the accuracy and efficiency
comparison of PSO and SPSO on the estimation of source term
is considered. Secondly, the extinction coefficient and scatter-
ing coefficient are estimated by SPSO from the reflectance
and transmittance for 1D slab with normal incidence. Finally,
the non-uniform distribution of absorbing coefficients in non-
scattering media is estimated as well to verify the feasibility of
SPSO on retrieving the discrete parameters. The proposed PSO-
based algorithm in each case was implemented using FOR-
TRAN code and the developed program was executed on an
AMD 2500+ PC. In our implementation, the parameters of stan-
dard PSO are set as follows: both coefficients c1 and c2 were
2.0 as those in Ref. [38]; the inertia weight decreased linearly
from 0.9 down to 0.4 throughout the run for standard PSO.
The search will be terminated if the total number of iterations
reaches 10, 000 or the non-improvement of the best solution
after a given number of iterations Nt = 1000 is obtained. To
demonstrate the effects of measurement errors on the inversed
parameters, random standard deviation are added to the exact
parameters computed from the direct solution, the following re-
lations have been used in present inverse analysis:

Ymea = Yexact + σς (15)

Here, ς is a normal distribution random variable with zero
mean and unit standard deviation. The standard deviations of
measured radiative intensities at the boundaries, σ for a γ %
measured error at 99% confidence, are determined as

σ = Yexact × γ %

2.576
(16)

For the sake of comparison, relative error εrel is defined as fol-
lows

εrel = 100 × Yest − Yexact

Yexact
(17)
Fig. 7. Schematic of the physical system and coordinates of 1D slab.

Case 1: Inverse estimation of the source term with PSO and
SPSO

To examine the accuracy and computational efficiency of the
PSO-based algorithm presented in this paper, a relatively simple
source term inverse problem for 1D plane-parallel gray media
is presented. The schematic of the 1D slab is depicted in Fig. 7.
The direct analytical solutions for this problem are developed
in Ref. [39]:

I+(τ,μ) = Ib1e
−τ/μ + 1

μ

τ∫
0

S(τ ′)e−(τ−τ ′)/μ dτ ′

0 < μ < 1 (18)

I−(τ,μ) = Ib2e
(τL−τ)/μ − 1

μ

τL∫
τ

S(τ ′)e(τ ′−τ)/μ dτ ′

− 1 < μ < 0 (19)

With boundary conditions Ib1 = Ib2 = 0, where I is radiative
intensity, τ is the optical thickness and μ = cos θ is the direc-
tional cosine. We assume that the source term S(τ) is repre-
sented by a polynomial in the optical thickness variable τ as

S(τ) =
n∑

i=1

aiτ
i−1 (20)

For inverse calculation, the coefficient array a = [a1, a2, a3]T

of internal source term is retrieved by utilizing the mea-
sured exit directional radiation intensities at the slab bound-
ary (10 measurement points over the directional angle inter-
val 0 � θ � π are used in present paper). In this case, the
exact coefficient of source term distribution is assumed as
a = [a1, a2, a3]T = [1,5,−5]T.The objective function for min-
imization is defined as follows:

F(a) = ∥∥Imea(a,μ, τ0) − Iest(a,μ, τ0)
∥∥

L2

+ ∥∥Imea(a,μ, τL) − Iest(a,μ, τL)
∥∥

L2
(21)

where{
τ = τ0, −1 � μ � 0

τ = τL, 0 � μ � 1

F(a) is the residual of boundary directional intensity.
It should be noticed that the range of [xmin, xmax] is deter-

mined according to the real physics of source term which must
be positive. As the individual particle is selected randomly,
there exists a possibility of obtaining a particle with negative
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Fig. 8. Comparison of fitness function with different Xmax with fixed Vmax.

Fig. 9. Comparison of fitness function with different Vmax with fixed Xmax.

position Xi which is not physically meaningful. For this rea-
son, if the source term is selected to be negative, a threshold
fitness function of source term is defined as follow:

F(Xi ) =
{

105, S(Xi ) � 0

Updated by PSO, S(Xi ) > 0
(22)

Using this threshold fitness function, the infeasible solution
with negative source could be eliminated in the procedure of
PSO-based algorithm. This technique is used in all the test cases
throughout this paper.

The influence of different range [xmin, xmax] on the fitness
function of standard PSO is examined firstly. For the sake of
comparison, all the components of array Xmin and Xmax are
set as the same value and the ranges of [xmin, xmax] are set as
[−10,10], [−100,100], [−1000,1000] with fixed vmax = 1, re-
spectively. As shown in Fig. 8, the fitness objective function of
standard PSO converges more quickly with smaller xmax value.
Meanwhile, the influence of different vmax on the best fitness
function of PSO is studied as well. Assuming the range of
[xmin, xmax] is set as [−100,100], different vmax(1,10,50,100)

is selected. As shown in Fig. 9, the fitness objective function of
standard PSO convergences faster with decreasing vmax value.
In Case 1, the range of [xmin, xmax] is set as [−100,100], and
the vmax is set as 1.
Fig. 10. Comparison of best fitness function of PSO and SPSO for different
swarm size.

Fig. 11. Comparison of computation time of PSO and SPSO for different swarm
size.

Table 3
Parameters setting of PSO and SPSO algorithm

Parameters PSO SPSO

vmax 100 100
[xmin, xmax] [−100,100] [−100,100]
Swarm Size: M [10,50,100] [10,50,100]
Maximum Swarm: N 10 000 10 000
c1&c2 2.0 1.0

Without measurement errors, the performance of standard
PSO is compared with SPSO for three different swarm sizes
(or population sizes). A summary of the parameter settings for
PSO and SPSO algorithm are shown in Table 3. As shown in
Fig. 10, the best fitness objective function of SPSO algorithm
converges much faster than standard PSO with same swarm
size. With the swarm size increasing, both PSO and SPSO algo-
rithm show more quickly convergent. As shown in Fig. 11, the
SPSO is less time-consuming than PSO of the same swarm size.
All the results show that SPSO is superior to the standard PSO
in both the speed of convergence and the efficiency of computa-
tion. The effect of measured error on the accuracy by PSO and
SPSO is examined for various standard deviations with swarm
size M = 50 (In the sequel we employ M = 50, if not specified
otherwise). The estimated results of PSO and SPSO are almost
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Table 4
Inverse results with different measure errors using SPSO

Inverse parameter True value γ = 0 γ = 1 γ = 3 γ = 5

SPSO εrel % SPSO εrel % SPSO εrel % SPSO εrel %

κe 1.0 1.0000 0.000 0.9909 0.91 0.9730 2.7 0.9554 4.46
κs 0.5 0.5000 0.000 0.5001 0.02 0.4998 0.04 0.4996 0.08

Inverse parameter True value γ = 0 γ = 1 γ = 3 γ = 5

SPSO εrel % SPSO εrel % SPSO εrel % SPSO εrel %

κe 3.0 3.0000 0.000 2.9940 0.20 2.9822 0.59 2.9708 0.97
κs 1.5 1.5000 0.000 1.5066 0.44 1.5197 1.31 1.5329 2.19

Inverse parameter True value γ = 0 γ = 1 γ = 3 γ = 5

SPSO εrel % SPSO εrel % SPSO εrel % SPSO εrel %

κe 5.0 5.0000 0.0000 4.9971 0.06 4.9916 0.17 4.9866 0.27
κs 2.5 2.5000 0.0000 2.5145 0.58 2.5432 1.73 2.5721 2.88

Inverse parameter True value γ = 0 γ = 1 γ = 3 γ = 5

SPSO εrel % SPSO εrel % SPSO εrel % SPSO εrel %

κe 10.0 10.0002 0.002 10.0054 0.054 10.0167 0.167 10.0290 0.29
κs 5.0 5.0000 0.000 5.032 0.64 5.1035 2.07 5.1720 3.44
the same in fourth decimal point and the average relative error
becomes negligible by PSO and SPSO without measurement er-
rors. The measured error of γ = 5% corresponds to a possible
maximum relative estimated error of 8.056%.

Case 2: Inverse estimation of the extinction coefficient and
scattering coefficient with SPSO

Consider a normal incident radiation at the left boundary
of absorbing, scattering and non-emitting slab, the equation of
radiative transfer and the boundary conditions can be written
as [40]:

μ
∂I (τ,μ)

∂τ
= −I (τ,μ) + ω

2

1∫
−1

I (τ,μ′)Φ(μ,μ′)dμ′

+ ω

4π
qΦ(μ,1)e−τ (23a)

I (0,μ) = 0, μ � 0 (23b)

I (τL,μ) = 0, μ < 0 (23c)

In this case, the reflectance ρR and transmittance ρT can be
expressed as

ρR = −2π

q

0∫
−1

I (0,μ)μdμ (24)

ρT = e−τL + 2π

q

1∫
0

I (τL,μ)μdμ (25)

The scattering phase function Φ of media is assumed to be lin-
ear anisotropic, given as Φ(sm, sm′

) = 1 + g(sm · sm′
), where g

is the scattering asymmetry parameter. q is the normal incident
radiation and L is the thickness of 1D slab. The parameters of
this case are set as: L = 1.0 m, g = 1 and q = 2π W m−2. In
the inverse analysis, the measured reflectance ρR and transmit-
tance ρT data (obtained by forward calculation) is employed
as input, and the extinction coefficient κe and scattering coeffi-
cient κs are estimated by minimizing the objective function that
is the square deviation between the calculated and measured re-
flectance and transmittance.

F(κe, κs) = ∥∥ρR,mea(κe, κs) − ρR,est(κe, κs)
∥∥

L2

+ ∥∥ρT,mea(κe, κs) − ρT,est(κe, κs)
∥∥

L2
(26)

In the following analysis, the level symmetric hybrid (LSH)
quadrature of DOM S8 is used [41]. As presented in Ref. [42],
the reflectance and transmittance is sensitive to variation of
the extinction coefficient and scattering coefficient. Thus, the
extinction coefficient and scattering coefficient could be re-
trieved from the measured reflectance and transmittance, which
is much more important for the light reflectance and trans-
mittance experiment to obtain the radiative properties of the
medium.

Here, the results with different extinction coefficient and
scattering coefficient estimated by using SPSO are shown in Ta-
ble 4. From Table 4, it can be seen that with no measurement er-
rors, the agreement between the estimated and the exact values
of the radiative parameters is excellent. Simulated experimen-
tal data containing measurement errors of γ % ranges from 0 to
5% are used to estimate the retrieved results of extinction co-
efficient and scattering coefficient. Clearly, with the measured
error γ % increasing, the accuracy of the estimation decreases.
Meanwhile, the influence of optical thickness on the accuracy
of the estimation was also examined in Table 4. As the opti-
cal thickness increases, the accuracy of the estimation becomes
more sensitive to the measurement errors. In case of γ % = 5%,
the maximum relative error εrel% of κs is up to about 3.44%; the
maximum relative error εrel% of κe is less than 4.46%. With the
optical thickness increasing, the relative error of κs increases
gradually, while the relative error of κe decreases. It should be
noted that when the optical thickness is larger than 10, κe and κs
could not be estimated reasonably. The reason is that as the op-
tical thickness increases, the measurement signal of reflectance
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Fig. 12. The variation of Reflectance and Transmittance with different optical
thickness.

ρR approaches to a constant (ρR → 0.0105 in this case) and the
transmittance ρT data approaches to a much smaller number
(about < 10−4), as indicated in Fig. 12. Thus, it is a neces-
sary condition that the optical thickness could not be too large
(τ � 10) for the radiative inverse analysis in Case 2.

Case 3: Inverse estimation of the non-uniform absorbing
coefficient using SPSO

In order to test the feasibility of SPSO in calculating the
inverse radiation problem with an array of discrete parame-
ters, we consider the radiative transfer in a 1D slab filled with
non-scattering gray gas with spatially varying absorption co-
efficients along x-axis. The function of absorption coefficients
are assumed as:

μ
∂I (x,μ)

∂x
= −κa(x) · I (x,μ) + κe(x) · Ib(x) (27a)

with boundary conditions

I (0,μ) = ε1
σT 4

0

π
, μ > 0

I (L,μ) = ε2
σT 4

L

π
, μ < 0 (27b)

where ε1 and ε2 are the emissivities of the two boundaries, re-
spectively, κa is the absorption coefficient, κe is the extinction
coefficient which is equal to κa in this case. A control volume
form of the discrete ordinates equations can be obtained by in-
tegrating Eq. (27) over the cell volume, from which we have∫
�x

μ
∂I (x,μ)

∂x
dx =

∫
�x

[−κa(x) · I (x,μ) + κe(x) · Ib(x)
]

dx

(28a)

μ(Iu − Id) = −κaIp�x + κeIb,p�x (28b)

where �x is the thickness of gas media volume element. The
nodal radiation intensity Ip can be expressed in terms of radia-
tive intensities at the upstream and the downstream boundaries
of control volume, Iu and Id, by using the following differenc-
ing form:

Ip = Iu(1 − f ) + Idf (29)
Fig. 13. The original and estimated distribution of absorption coefficients with
γ = 0.

where f is the differencing factor. The diamond scheme with
f = 0.5 is used in this paper. The nodal radiative intensity Ip
at the center of the control volume element can therefore be
evaluated as

Ip = |μ|Id + κef Ib,p�x

|μ| + κaf �x
(30)

The solution of the discrete ordinates equations Eq. (27) of
radiative transfer equation must be obtained iteratively. The de-
tailed procedure of the solution can be seen in Ref. [39], and
will not be repeated here.

In this case, the thickness of gas slab is set as L = 1.0 m, the
boundaries are gray walls with temperature T0 = 1500 K and
TL = 1000 K, ε1 = ε2 = 0.8. The absorption coefficient κa is
assumed as follows:

κa(x) = −2(x/L − 0.5)2 + 0.8 (m−1) (31)

For inverse calculation, ten spatially varying absorption coeffi-
cients κa are retrieved from the measurement radiative flux. The
objective function for minimization is defined as follows:

F(κa) = ∥∥qmea(τx) − qest(τx)
∥∥

L2
, τ0 � τx � τL (32)

where q is the array of radiative flux. The estimated results
with no errors and effects of measurement errors on the accu-
racy of estimation are shown in Figs. 13 and 14, respectively.
As shown in Fig. 13 without measurement errors, the results
of non-uniform absorption coefficients are retrieved accurately.
From Fig. 14, it can be seen that the non-uniform absorption
coefficients of 1D slab could be estimated with reasonable ac-
curacy by SPSO even with the noisy measurement flux. As
expected, the accuracy of estimation deteriorates as the mea-
surement error increases, and the maximum relative error with
γ % = 5% is smaller than 4%.

6. Conclusions

A novel PSO-based algorithm SPSO, which can guaran-
tee the convergence of the global optimization solution with
probability one, is adopted to estimate parameters of radia-
tion system by minimizing an objective function, expressed
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Fig. 14. The influence of measurement errors on the relative errors of estimated
results.

by the sum of square errors between estimated and measured
radiative intensity, the reflectance and transmittance, or the ra-
diative flux. These inverse radiation analyses were carried out
for the source term or the radiative properties, i.e., the extinc-
tion coefficient, scattering coefficient, and absorption coeffi-
cient, for an absorbing, emitting and scattering media in a 1D
slab with diffusely emitting and reflecting opaque boundaries.
In these cases, SPSO is proved to be superior to the standard
PSO in both convergence speed and computation efficiency.
Meanwhile, by using SPSO, these radiative parameters can be
estimated accurately even with noisy data. In conclusion, the
optimization algorithm SPSO is proved to be fast and robust,
which has the potential to be implemented in the field of var-
ious inverse radiation problems. It is also suggested the PSO-
based algorithms to be used when the traditional optimization
methods fail, or are difficult to be applied to some inverse ra-
diation problems. Further study will focus on the performance
improvement of the PSO-based methodology as well as other
applications of PSO in the multi-dimensional radiative inverse
analysis in non-gray media.
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